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(Total 100 Points) There are 6 Problems in this exam. Show intermediate steps and
Jormulas for partial credit. You must explain how you compute your results or answers
Jor full credit.

1. (10 points) A random variable X has the following probability distribution, where ¢ is a constant:

lxie—c‘x
f(x)=12 ’
0, otherwise.

0<x<eo,

(a) Find the value of the constant ¢. (5 points)
(b) Find the probability distribution of ¥, where ¥ = X%, (5 points)

2. (20 points) The beta distribution has considerable application in reliability problems in which the basic
random variable is a proportion. Suppose the random variable X follows a beta distribution with & = 1
and § = 3, and the density function is given by

1 a=1 -1
_ 1- . Dexel,
fxo,B)=1{B(ap)" La
0, otherwise.

where B(¢;, f) is the beta function defined by
B(e, )= ,[ (11— x)  de L) , for ¢; f>0, and I'(@) is the gamma function.
v T+ p)
(a) Determine the mean of X. (5 points)
(b) Determine the median of X. (5 points)
(c) Determine the variance of X. (5 points)

(d) Find the probability that X >% . (5 points)

3. (20 points) Two continuous random variables X; and X, are independent. Suppose that X; and X5 are
exponential distributions with parameters £ = 1 and £ = 1, respectively. Moreover, let the random
variables ¥, =X and ¥; = X, + X5,

(a) Find the probability distributions of X, and X3, respectively. (5 points)
(b) Find the joint probability distribution of X; and X;. (5 points)

(c¢) Find the joint probability distribution of ¥; and ¥5. (5 points)

(d) Find the marginal probability distribution of ¥3. (5 points)
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4. (15 points) Advertisements by NTUST claim that their new drug can effectively decrease cholesterol
levels over a six-week period. A random sample of 9 recent participants showed the following choles-
terol levels measured before and after the six-week treatment period. Suppose we want to test the
claim in the advertisement.

Participant 1 2 3 4 5 G 7 8 9
Before 300 250 250 220 220 180 180 150 140
After 295 240 225 210 210 170 185 140 125

(a) State the null hypothesis and the alternative hypothesis, conduct appropriate test, and draw
appropriate conclusions (at the 0.05 significance level) (10 points)

(b) What assumption needs to be made about the distribution of the differences? (2 points)
(¢) Why matching or pairing samples is better than independent samples here? (3 points)

5. (25 points) For a simple linear regression model
Y;:=,80+_81_X-;+61" ‘i=1,2,“.,n,
assumed that E(e;) = 0, Var(e;) = 02, and the errors 1, s, . - ., €, are independent.

(a) Please shows that the mean squared error (MSE) is an unbiased estimate of ¢ (10 points)

Now let ¥; be the price for 6 randomly selected workstation computers and z; be their corresponding
processor speeds in gigaherta:

speed (gigahertz) [ 1 1 2 2 3 3
price ($1000s) | 28 32 36 44 42 58

(b) Find an estimated regression equation Y = by +b1.X that can be used to predict price given the
speed of processor. (5 points)

(¢) Test the relationship between speed of processor and price? What's your conclusion? Use
a = 0.05. (5 points) '

(d) Prepare a residual plot of ¥ — ¥ versus X. What conclusion can you draw from this residual
analysis? What may you do to fix this problem? (5 points)

6. (10 points) The manufacturing facility has collected and summarized its data and calculated the
number of defectives for four different machines. The manager want to determine whether or not
the proportion of defectives produced by the four machines was the same. Please state the null and
alternative hypothesis, perform the test, and state your conclusion with a 0.05 level of significance.

Machine
Mumber of | A B C D
Defective 12 22 15 1

Good 188 178 185 189
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