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(Total 100 points.) There are 6 problems in this exam. Show intermediate steps and formulas for partial
credit. You must explain how you compute your results or answers for full credit.

1. (20 points) To become a PhD candidate in the IM department of NTUST, a student has to pass an
entrance exam and a qualify exam. Suppose that there are N students registered the entrance exam and
each can pass the exam with probability p independently. Only those who past the entrance exam can
take the qualify exam and each can pass the qualify exam with probability g independently. Let M be

the number of students past the entrance exam and X be the number of PhD candidates among the N
students.

(a) What is the joint pmf of X and A£? (10 points)
(b) What is the pmf of X and what is the expected value of X? (10 points)

2. (20 points) Suppose a random chosen IM student’s verbal score X and quantitative score ¥ on a
nationally administered aptitude examination have joint pdf

f(x,y) = %(2x+3y) 0<x<1,0<y<l1
0 otherwise

(2) Find the marginal distribution of X alone. (5 points)
(b) Find puy =E(X) and O )2( . (5 points)

(c) Using the Chebyshev’s theorem, find the interval that contains at least 5/9 of the values of X. (5 points)
(d) For the interval of X obtained in (c), find the true probability. (5 points)

3. (10 points) The moment-generating functions of two independent random variables X , and X, are
givenby M, ()=e“" and M x, () =€*“™ respectively. Find the probability that X + X, =2,

(Note: e =0.3679,¢ =0.1353,¢™ =0.0498, ¢ = 0.0183,¢™> =0.0067)
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4. (15 points) Observations Yi,...,Y, are described by the relationship (i.e., model) ¥; = Bz; + €,
where x1,...,x, are fixed constants not all equal to 0 and €1,...,¢, are iid NV (0,0?). Please

(2) Find the maximum likelihood estimator of B. (5 points)

(b) Compute the Cramer-Rao Lower bound for the variance of an unbiased estimator of 8 and show
that the maximum likelihood estimator is the best unbiased estimator of 3. (10 points)

5. (20 points) The relationship between leisure expenses and household incomes was studied, yielding

the following data on household income X (in units of $100000/year) and leisure expense Y (in units
of $10000/year).

household income | 5 10 15 20 25 30 35
leisure expense 2 3 5 8 12 17 23

(a) Find an estimated regression equation ¥ = bo+b1X that can be used to predict leisure expense
given the household income. (5 points)

b) Compute the coefficient of determination, and comment on the goodness of fit. (5 points
b

(c) Test the relationship between household income and leisure expense? What’s your conclusion?
Use a = 0.05. (5 points)

(d) Should we use above simple lienar regression model to predict the leisure expense from household
income? Please justify your answer. (5 points)

6. (15 points) Two production lines are being considered for use in manufacturing rubber seals, and are
being compared with respect to tensile strength of the product. Random samples of 9 seals and 7
seals from production lines A and B, respectively, are used to determine whether the mean tensile
strength varies from one production line to another. The data are shown in the following table.

1 2 3 4 5 6 7 8 9
Line A | 100 120 110 90 90 110 110 80 90
LineB | 120 130 130 100 90 110 90

Assume that the tensile strength is normally distributed.

(a) Please test whether the variances of the strength of the product produced by different production
lines are equal. (Please clearly state the null, the alternative hypothesis, and the test statistic,
and use o = 0.10) (5 points)

(b) Please test the hypothesis that the mean strength of the product produced by different pro-
duction lines are equal. (Please clearly state the null, the alternative hypothesis, and the test
statistic, and use o = 0.05) (10 points)
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Table A.4 Critical Values of the t-Distribution

e

=] SR ———,

s

a

v 0.40 0.30 0.20 0.15 0.10 0.05 0.025
1 0.325 0.727 1.376 1.963 3.078 6.314 12.706
2 0.289 0.617 1.061 1.386 1.886 2.920 4.303
3 0.277 0.584 0.978 1.250 1.638 2.353 3.182
4 0.271 0.569 0.941 1.190 1.533 2.132 2.776
5 0.267 0.559 - 0.920 1.156 1.476 2.015 2.571
6 0.265 0.553 0.906 1.134 1.440 1.943 2.447
7 0.263 0.549 0.896 1.119 1.415 1.895 2.365
8 0.262 0.546 0.889 1.108 1.397 1.860 2.306
9 0.261 0.543 0.883 1.100 1.383 1.833 2.262
10 0.260 0.542 0.879 1.093 1.372 1.812 2.228
11 0.260 0.540 0.876 1.088 1.363 1.796 2.201
12 0.259 0.539 0.873 1.083 1.356 1.782 2.179
13 0.259 0.538 0.870 1.079 1.350 1.771 2.160
14 0.258 0.537 0.868 1.076 1.345 1.761 2.145
15 0.258 0.536 0.866 1.074 1.341 1.753 2.131
16 0.258 0.535 0.865 1.071 1.337 1.746 2.120
17 0.257 0.534 0.863 1.069 1.333 1.740 2.110
18 0.257 0.534 0.862 1.067 1.330 1.734 2.101
19 0.257 0.533 0.861 1.066 1.328 1.729 2.093
20 0.257 0.533 0.860 1.064 1.325 1.725 2.086
21 0.257 0.532 0.859 1.063 1.323 1.721 2.080
22 0.256 0.532 0.858 1.061 1.321 1.717 2.074
23 0.256 0.532 0.858 1.060 1.319 1.714 2.069
24 0.256 0.531 0.857 1.059 1.318 1.711 2.064
25 0.256 0.531 0.856 1.058 1.316 1.708 2.060
26 0.256 0.531 0.856 1.058 1.315 1.706 2.056
27 0.256 0.5631 0.855 1.057 1.314 1.703 2.052
28 0.256 0.530 0.855 1.056 1.313 1.701 2.048
29 0.256 0.530 0.854 1.055 1.311 1.699 2.045
30 0.256 0.530 0.854 1.055 1.310 1.697 2.042
40 0.255 0.529 0.851 1.050 1.303 1.684 2.021
60 0.254 0.527 0.848 1.045 1.296 1.671 2.000
120 0.254 0.526 0.845 1.041 1.289 1.658 1.980
oo 0.253 0.524 0.842 1.036 1.282 1.645 1.960
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Table A.6 Critical Values of the F-Distribution o ,.a
So.05(v1,v2)
V1
Vg 1 2 3 4 5 6 7 8 9
1 161.45 199.50 215.71 224.58 230.16 233.99 236.77 238.88 240.54
2 18.51 19.00 19.16 19.25 19.30 19.33 19.35 19.37 19.38
3 10.13 9.55 9.28 9.12 9.01 8.94 8.89 8.85 8.81
4 7.71 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00
5 6.61 5.79 5.41 5.19 5.05 4.95 4.88 4.82 4.77
6 5.99 5.14 4.76 4.53 4.39 4.28 4.21 4.15 4.10
7 5.59 4.74 4.35 4.12 3.97 3.87 3.79 3.73 3.68
8 5.32 4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39
9 5.12 4.26 3.86 3.63 3.48 3.37 3.29 3.23 3.18
10 4.96 4.10 3.71 3.48 3.33 3.22 3.14 3.07 3.02
11 4.84 3.98 3.59 3.36 3.20 3.09 3.01 2.95 2.90
12 4.75 3.89 3.49 3.26 3.11 3.00 2.91 2.85 2.80
13 4.67 3.81 3.41 3.18 3.03 2.92 2.83 2.77 2.71
14 4.60 3.74 3.34 3.11 2.96 2.85 2.76 2.70 2.65
15 4.54 3.68 3.29 3.06 2.90 2.79 2.71 2.64 2.59
16 4.49 3.63 3.24 3.01 2.85 2.74 2.66 2.59 2.54
17 4.45 3.59 3.20 2.96 2.81 2.70 2.61 2.55 2.49
18 4.41 3.55 3.16 2.93 2.77 2.66 2.58 2.51 2.46
19 4.38 3.52 3.13 2.90 2.74 2.63 2.54 2.48 2.42
20 4.35 3.49 3.10 2.87 2.71 2.60 2.51 2.45 2.39
21 4.32 3.47 3.07 2.84 2.68 257 2.49 2.42 2.37
22 4.30 3.44 3.05 2.82 2.66 2.55 2.46 2.40 2.34
23 4.28 3.42 3.03 2.80 2.64 2.53 2.44 2.37 2.32
24 4.26 3.40 3.01 2.78 2.62 2.51 2.42 2.36 2.30
25 4.24 3.39 2.99 2.76 2.60 2.49 2.40 2.34 2.28
26 4.23 3.37 2.98 2.74 2.59 2.47 2.39 2.32 2.27
27 4.21 3.35 2.96 2.73 2.57 2.46 2.37 2.31 2.25
28 4.20 3.34 2.95 2.71 2.56 2.45 2.36 2.29 2.24
29 4.18 3.33 2.93 2.70 2.55 2.43 2.35 2.28 2.22
30 4.17 3.32 2.92 2.69 2.53 2.42 2.33 2.27 2.21
40 4.08 3.23 2.84 2.61 2.45 2.34 2.25 2.18 2.12
60 4.00 3.15 2.76 2.53 2.37 2.25 2.17 2.10 2.04
120 3.92 3.07 2.68 2.45 2.29 2.18 2.09 2.02 1.96
fe’s) 3.84 3.00 2.60 2.37 2.21 2.10 2.01 1.94 1.88

Reproduced from Table 18 of Biometrika Tables for Statisticians, Vol. 1, by permission of E.S.
Pearson and the Biometrika Trustees.




