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(Total 100 Points.) There are 6 problems in this exam. Show intermediate steps and

formulas for partial credit. You must explain how you compute your results or an-
swers for full credit.

1. An engineering system consisting of n components is said to be a k-out-of-n system (k <n)if
the system functions if and only if at least k out of the n components function. Suppose that
all components function independently of each other. (10 %)

(a) If the ith component functions with probability p;, i = 1,2,3,4, what.is the probability
that a 2-out-of-4 system function? (5 %)

(b) For a k-out-of-n system where each component functions with the same probability p,
what is the probability that this k-out-of-n system function? (5 %)

2. The joint probability density function of X and Y is given by

f(x,y)=f—6xy2, 0<z<2,0<y<2

(25 %)

(a) Verify that this is indeed a joint density function. (5 %)
(b) Find P(Y > X). (5 %)

(c) Are X and Y independent? (5 %)

(d) Find the expected value of Y (i.e., uy). (5 %)

(e) Find the variance of X (i.e., 0%). (5 %)

3. If X; and X, are the amounts of time for performing two jobs in a production line, and X;

and X, are independent exponential random variables with the same parameter 3, where the
probability density function is given by
1

flz;8) = Be_%, z>0

Let Y1 = X1 4+ X5, which can be used to represent the total working time, and Y, = X;/(X; +

X2), which can be used to represent the proportion of the work time that will be performed by
job one. (15 %)

(a) Find the joint distribution of Y3, Y;. (10 %)
(b) Find the marginal distributions of Y;. (5 %)
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4. We want to compare the cure rates ( p 4and pg) of two COVID-19 drugs, A and B. There are

600 and 800 patients treated by drugs A and B, respectively. Among that, we found that 360 and
440 patients were cured by drugs A and B, respectively. (20 %)
(a) What is the 95% interval estimate of p ,? (5 %)

(b) Someone claims that the cure rate of drug A is greater than 0.65. Provide the hypotheses and
test the hypotheses with @ =0.05. (5 %)

(c) If the true cure rate of drug A is 0.6, what are the type Il error f# and the power of the above
test in (b)? (5 %)
(d) Test if the cure rates of drug A and drug B are the same with a =0.05. (5 %)

5. NTUST gives each of its students a Statistics test. The scores on the test are normally distributed

with mean x and variance ol A simple random sample of 25 is taken with a sample mean
of 75 and a sample standard deviation of 10. (20 %)

(a) What is the 95% interval estimate of the mean £ ? (5 %)

(b) What is the 95% interval estimate of the standard deviation o ? (5 %)

(c) Test if the average score x is 80 at 95% confidence. (5 %)

(d) Test if the standard deviation o is less than 9 at 95% confidence. (5 %)

6. We want to study the relationship between the effectiveness (¥) and the dosage (X) of a certain

COVID-19 drug and we postulate a model as follows. Y; =20+ BX; +¢&; for i=12,--,n,
where E{g;}=0,Var{¢;} = o, and Cov{e;,&;} =0 foralli, j;i # j. (10 %)

(a) What is the appropriate least squares estimator b, of A, ? (5 %)

(b) What is the variance of 5, ? (5 %)
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