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1.(24%) Let ¥, <V, <Y, be the order statistics of a random sample of size n=3 from
the exponential distribution with p.d.f. /1 (x)=¢, Ocx<w.

(a) Define the order statistics. (6%)
{b) Find the p.d.f. of the sample median Y;. (6%)

(c) Compute the probability that Y is less than two. (6%)
" (d) Determine P{1<Y,).(6%)

2. (26%) Analysis of the goals scored per match by a certain football team gave the
following results:

No. goalspermatch(x) |0 1 2 3 4 5 6 7
No. of matches (f) 1418291810 7 3 1
Calculate the mean of the above distribution and the frequencies (cach correct to 1

decimal place) associated with a Poisson distribution having the same mean. Perform
a x? goodness of fit test to determine whether or not the above distribution can be

reasonably modeled by this Poisson distribution.
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Tabla V The Chi-Square Distribution

[A])] I % x¥8) 1 : : 11(8)
10

x,(r)
X wHI- --11 d
PX <x= r(r,'z)z'” "
PX % x)
0010 0026 0060 0400 0800 0850 0.975 0.9%0

| gielr)  Xhesl?) () xiedlr)  zaedr)  xbastr)  zden(r)  xdedn)

1| o000 0.00 0004 0016 2708 84 5.024 6.835

2 | ooz 0.051 0103 021 4.605 5.991 7.378 8.210

3 Q115 0.216 0.352 0.584 6.261 7.815 9.348 1n.34

4| o020 0.484 071 10864 7.779 2488  11.14 13.28

5| 0554 0.831 1145 1610 8236 1107 12.83 15.09

] 0872 1.237 1.636 2204 1084 12.55 14.45 16.81

7] 1239 1.890 2187 2833 1202 14.07 16.01 18.48

8| 1646 2.180 2733 3490 1336 1661 17.64 2009

9| 2088 2.700 3326 4168 1468 16.92 19.02 287
10 { 2.558 3.247 3940 4855 1599 18.31 20.48 232
11 | 2053 3.816 4575 5578 17.28 19.68 21.92 24.72
12 [ 3857 4.a04 6226 B304 1855 21.03 2334 .22
12 | 4107 5.009 5882 7042 1881 2238 24.74 - s 2769 seme -
14 | 4860 5.629 8571 7.790 2106 2388 26.52 FEATI e
15 | 6229 6.262 7.261 8.547  22.3t 26.00 27.49 30.58
16 | 5812 6.908 7.862 9312 2364 26.30 28.84 32.00
17 | 6408 7.564 8672 1008 2477 27.59 30.19 33.41
18] 7.05 8.23 9350 1086 2599 2887 31.53 34.80
19| 761 8907 1012 1168 2720 3014 3285 3619
20 | 8260 9591 1085 1244 2841 3.4 3447 787
21 [ 8897 1028 1169 1324 2962 32.67 3548 3e83
22 9.642 1088 12.34 14.04 308 3392 36.78 40.29
23 | 1020 11.69 1308 1485 3200 3517 38.08 4164
24 | 1086 12.40 1386 1566 3320 36.42 39.36 4298
25 | 1182 1342 14,61 1647 3438 37.65 40.85 aan
28 | 1220 1384 1538 1728 3556 38.08 41.92 4554
27 | 1288 1457 1645 1811 36.74 ao.11 43.19 46.95
26 | 1386 153 1683 1884  37.92 41.34 44.45 48.28
29 | 1826 16.05 177 1977 39.09 42,56 45.72 49.5%
30 | 1495 16.79 1848 2060  40.28 4377 46.98 50.69
40 | 2216 2443 26.51 2905  £1.80 55.76 59.34 63.69
50 | 29 3236 3476 3769 6317 67.50 71.42 76.15
60 | 37.48 40.48 4319 46456 7440 79.08 83.30 88.38
70 | 45.44 48.76 5174 5533 8553 9053 8502 1004
60 | 53.34 57.15 6033 6428 8658 1019 106.6 1123

This table is abridged and adapted from Table ||l in Biomerrika Tables for Statisticians,
ediled by E. S Pearson and H. O. Hartley. It is published here with the kind permission
of the Biomatrika Trustees.
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3.(30%) Iinagine that you have recently been put in charge of the retail brokerage
side of a large firm and you have a list of customers who have ever done business
with the firm, as well as information on the frequency and timing of each customer's
transactions. Now you are interested in the question that with a given purchase
pattern what levels of transactions should be expected next period (of unit length)
by those on the list, both individually and collectively.

Assume the interpurchase time of an individual follows an exponential distribu-
tion with mean }. We also assume that different customers have different A’s (that
is, A is implicitly subscripted by a customer index, i). If we further suppose that
the parameter A, governing an individual customer's purchasing pattern, is Erlang
distributed, i.e., A follows the Erlang(y,a) distribution, please aggregate (or ” add
up”) across all customers to find the average probability of purchase for a random
population member in a period (of unit length). Suppose that we observe an indi-
vidual who makes ¢ purchases in Period 1 (of unit length). How many purchases
do we expect this same person to make in a nonoverlapping Period 2 (also of unit

length)?

The density function of the Erlang distribution is

ot -1 —ar
- F’-_-_,—)!a:"' e ", forzx >0,
fahe) = { ore >

where « is an integer.

4.(20%) Suppose that a fair coin is tossed repeatedly until exactly 8 heads and at
least one tail have been obtained. Determine the expected mumber of tosses that

will be required.
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